The ultrafast changes of material properties induced by short laser pulses can lead to frequency shift of reflected and transmitted radiation. Recent reports highlight how such a frequency shift is enhanced in the spectral regions where the material features a near-zero real part of the permittivity. Here we investigate the frequency shift for fields generated by four-wave mixing with a nonlinear polarisation oscillating at twice the pump frequency. In our experiment we observe a frequency shift of more than 60 nm (compared to the pulse width of ∼40 nm) for the phase conjugated radiation generated by a 500 nm Aluminium-doped Zinc Oxide (AZO) film pumped close to the epsilon-near-zero wavelength.
modulated, and if the temporal phase change is uniform over the pulse duration, the optical spectrum can be rigidly shifted. This effect can be interpreted as time-refraction [1, 2] , a phenomenon that attracted the attention of the research community owing to its link with the dynamical Casimir effect and Hawking radiation, and its implication in the formation of temporal band-gap structures and non reciprocal devices [3] [4] [5] [6] [7] [8] . Strong enhancement of light-matter interaction has been observed in the spectral region where the real part of the dielectric permittivity ( [ε r ]) of a medium approaches zero (ENZ) [9] [10] [11] . In the case of sub-wavelength thin films of transparent conductive oxide (TCOs), such enhancement combined with an ultrafast response of the medium [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] results in the generation of phase conjugation (PC) and negative refraction (NR) with near unity conversion efficiency [23] . One of the intriguing effects associated with the enhanced ultrafast material response is the observation of spectral shifts of the order of the pulse bandwidth (10 − 15 nm) for the transmitted and the reflected radiation in pump-and-probe experiments [15, 16] . This phenomenon has been interpreted as originating from the adiabatic shift of the material refractive index enhanced, at the ENZ wavelength, by the associated slow-light condition [24] .
In this work, we investigate the spectral shift of PC and NR in a time-varying TCO film (Aluminium-Doped Zinc-Oxide (AZO) [13] ) at the ENZ wavelength. We report the efficient generation of a > 60 nm wavelength red-shifted PC and of a both red and blue-shifted NR (covering nearly the same bandwidth, 60 nm) from a 500 nm thick AZO film pumped at the ENZ wavelength.
II. RESULTS
Phase conjugation and negative refraction result from a four-wave mixing interaction mediated by a Kerr-type nonlinearity and satisfy a parametric amplification energy matching condition:
where ω p and ω s are the pump (P) and seed (S) frequencies, respectively [25] [26] [27] [28] . The PC and NR are the processes satisfying the additional condition ω S = ω P = ω 0 , leading to ω PC, NR = ω 0 . We remind that for each photon of NR and PC generated as idler of the parametric amplification process, a seed photon is also amplified (amplified seed -AS). In the case of a deeply sub-wavelength nonlinear medium, the component of momentum in the direction of the film thickness (k z ) does not need to be conserved, and the only relevant phase matching condition involves the in-plane wavevector components k r , according to:
(1) overlapped to the reflected (RS) and the transmitted (TS) seed, respectively. We assume that pump and seed are co-polarized. In the ideal case described here, the amplified seed can emerge either in the backward or in the forward direction, irrespective from the generation of negative refraction or phase conjugation. We shall see below how the frequency shift of the PC and NR are linked to those of the RS and TS fields.
In previous experiments we showed that PC and NR generated by a sub-wavelength AZO film can achieve larger than unitary internal efficiency, meaning that the PC and NR have, inside the sample, an amplitude larger than the seed [23] . Here we investigate the spectral dynamics of PC, NR, and of the amplified seed, in similar experimental conditions. We performed the degenerate FWM experiment using a pump and probe set-up schematically shown in Fig. 1 (c) . The output of a mode-locked Ti:sapphire laser with a pulse duration of 105 fs pumped an optical parametric amplifier (OPA), which generated a pulse train with wavelength tuneable in the near-IR spectral region. The OPA output was split in two arms. The pump, with high intensity, was injected at normal incidence onto the ENZ film. The seed, with a lower intensity and smaller beam spot size, was overlapped with the pump coming at a small ( 6 • ) angle to the sample normal. The 500 nm AZO film was deposited on a glass substrate by laser pulse deposition and exhibits a real part of the relative dielectric permittivity [ε r ] crossing zero at λ ENZ 1350 nm. We choose to excite the AZO film above the crossing point (λ p = λ s = 1400 nm). This choice was motivated by recent findings showing that the frequency degenerate FWM is more efficient at wavelengths longer than the λ EN Z [18, 23] . For the wavelength of choice, the real and imaginary part of the refractive index of the AZO sample measured by ellipsometry were n r 0.3 and n i 0.89, respectively.
The pump intensity was set to 769 GW/cm 2 . We recorded the power spectra of PC ( Fig. 2 (a) red-shifted with respect to the input seed, yet with different spectral shifts. The transmission and reflection spectrograms have a more complex structure that we interpret as the overlap of the signal reflection and transmission with the amplified seed field (AS b and AS f respectively).
To better understand the spectral evolution, we plot the carrier wavelength shift (blue line) as a function of the pump-probe delay for both the PC and NR signals in Figs. 3 (a) and (b), respectively.
We overlap the wavelength shift with the normalized energy (red) of the fields. One can see that the PC is shifted by more than 60 nm with respect to the input seed wavelength, with a maximum shift occurring for the seed overlapped with the leading edge of the pump pulse. Conversely, the NR wavelength shift is larger when the seed is overlapped with either the leading or the trailing edge of the pump pulse, yet with the opposite sign. The reflected seed is expected to drop and slowly regain the original unperturbed wavelength as a function of the pump-probe delay ∆τ , as shown for an intraband excitation in Ref. [15] . This explains, for instance, why the reflection at −200 fs is stronger than that at 400 fs. Unlike Ref. [15] , after an initial drop the reflected signal suddenly increases at a wavelength 60 nm red-shifted with respect to the input seed, as shown in Fig. 3(c) .
We interpret this as the combination of the reflection dynamics already reported in [15] with the signal generated by the parametric process in conjunction to PC and NR. We note that this shift is larger than the probe spectral bandwidth of the input seed ( 40 nm). A similar situation can be qualitatively observed along the transmission direction. However, since the frequency shift for NR switches from positive to negative it is impossible to completely separate the two contributions in Fig. 2(d) .
III. DISCUSSION
The broad frequency shift observed for four-wave mixing around the epsilon-near-zero region only partially arises from the same physical mechanism responsible for the frequency shift of reflected and transmitted beams from a time-varying surface [24] . The fields generated by the nonlinear polarization experience an adiabatic shift of the refractive index. However a simple application of that model to our experiment would predict shifts comparable to those reported in [24] , which are nearly three times smaller than what is reported here. Another contribution to the frequency shift of all beams originates from the time-varying Fresnel coefficients at the two interfaces air/AZO and AZO/glass. A complex refractive index that varies in time at a faster-than-picosecond time scale, as in our case, lead to significant changes in the wavelength of the impinging fields. We have estimated the magnitude of the effect that such a change would provide assuming a large change of refractive index (∆n = 2), delivered in a short, 50 fs time period. Furthermore, even for this extreme case the time dependence of the complex Fresnel coefficients would only account for 12 nm of shift in NR and 35 nm in PC. Furthermore, even combining the two effects we could only account for about 35 % of the observed shift for the forward PC. We therefore speculate that the experimental results indicate possibly non-trivial underlying physical effects that might require a full microscopic model of this experimental study.
Finally, we note that the simple model of an infinitely thin time-varying medium presented in Fig. 1(a) and (b) would imply a symmetric effect in the forward and backward directions. In contrast, we observe that PC and NR have different spectral dynamics, and each of them matches that of the amplified seed along the reflection (PC) and transmission (NR). Overall, the forward signals generated by the four-wave mixing process show a spectral blue shift with respect to those generated in the backward direction, as seen in Fig. 3(d) . This figure shows the dependence of the wavelength shift for PC (blue) and NR (red) for increasing pump intensities. The two curves follow a qualitatively similar trend, yet with a rigid blue shift of the NR that is 30 nm larger. The asymmetry between forward and backward directions may be assigned to the difference between the Fresnel coefficients experienced by the forward and backward propagating beams. Absorption, which induces an exponential decay of all beams (the attenuation coefficient is α = 4πn i /λ = 0.0079 nm −1 ), may also contribute to the observed asymmetries, as well as the cross phase modulation between the pump and the generated radiation, which mainly affects the forward propagating beam. Once again, the simple models outlined above can explain some of the difference between backward and forward, but intriguingly cannot fully account for the observed frequency shift.
IV. CONCLUSIONS
In conclusion, we have experimentally investigated the frequency shift for PC, NR, and for the amplified signals generated by a four-wave mixing process in a thin-film of AZO in the ENZ wavelength region. We observed extremely large wavelength shifts, exceeding 60 nm in the backward propagating radiation. We also recorded a different wavelength shift for the forward and backward [1] J. T. Mendonça, Theory of photon acceleration (CRC Press, 2000).
